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We study the heat kernel for a Laplace type partial differential operator
acting on smooth sections of a complex vector bundle with the structure
group G×U(1) over a Riemannian manifold M without boundary. The total
connection on the vector bundle naturally splits into a G-connection and a
U(1)-connection, which is assumed to have a parallel curvature F. We find
a new local short time asymptotic expansion of the off-diagonal heat kernel
U(t|x, x′) close to the diagonal of M × M assuming the curvature F to be
of order t−1. The coefficients of this expansion are polynomial functions in
the Riemann curvature tensor (and the curvature of the G-connection) and
its derivatives with universal coefficients depending in a non-polynomial
but analytic way on the curvature F, more precisely, on tF. These func-
tions generate all terms quadratic and linear in the Riemann curvature and
of arbitrary order in F in the usual heat kernel coefficients. In that sense,
we effectively sum up the usual short time heat kernel asymptotic expan-
sion to all orders of the curvature F. We compute the first three coefficients
(both diagonal and off-diagonal) of this new asymptotic expansion.
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1 Introduction
The heat kernel is one of the most powerful tools in quantum field theory and
quantum gravity as well as mathematical physics and differential geometry (see
for example [18, 23, 11, 12, 10, 20, 22, 19] and further references therein). It is
of particular importance because the heat kernel methods give a framework for
manifestly covariant calculation of a wide range of relevant quantities in quantum
field theory like one-loop effective action, Green’s functions, effective potential
etc.
Unfortunately the exact computation of the heat kernel can be carried out
only for exceptional highly symmetric cases when the spectrum of the operator
is known exactly, (see [17, 19, 20] and the references in [8, 15, 14, 13]). Although
these special cases are very important, in quantum field theory we need the ef-
fective action, and, therefore, the heat kernel for general background fields. For
this reason various approximation schemes have been developed. One of the old-
est methods is the Minackshisundaram-Pleijel short-time asymptotic expansion of
the heat kernel as t → 0 (see the references in [18, 2, 23]).
Despite its enormous importance, this method is essentially perturbative. It
is an expansion in powers of the curvatures R and their derivatives and, hence, is
inadequate for large curvatures when tR ∼ 1. To be able to describe the situa-
tion when at least some of the curvatures are large one needs an essentially non-
perturbative approach, which effectively sums up in the short time asymptotic
expansion of the heat kernel an infinite series of terms of certain structure that
contain large curvatures (for a detailed analysis see [4, 9] and reviews [10, 12]).
For example, the partial summation of higher derivatives enables one to obtain
a non-local expansion of the heat kernel in powers of curvatures (high-energy
approximation in physical terminology). This is still an essentially perturbative
approach since the curvatures (but not their derivatives) are assumed to be small
and one expands in powers of curvatures.
On another hand to study the situation when curvatures (but not their deriva-
tives) are large (low energy approximation) one needs an essentially non-pertur-
bative approach. A promising approach to the calculation of the low-energy heat
kernel expansion was developed in non-Abelian gauge theories and quantum grav-
ity in [3, 4, 5, 6, 7, 8, 13, 14, 15]. While the papers [3, 4, 6, 7] dealt with the paral-
lel U(1)-curvature (that is, constant electromagnetic field) in flat space, the papers
[5, 8, 13] dealt with symmetric spaces (pure gravitational field in absence of an
electromagnetic field). The difficulty of combining the gauge fields and gravity
was finally overcome in the papers [14, 15], where homogeneous bundles with
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parallel curvature on symmetric spaces was studied.
In this paper we compute the heat kernel for the covariant Laplacian with a
large parallel U(1) curvature F in a Riemannian manifold (that is, strong covari-
antly constant electromagnetic field in an arbitrary gravitational field). Our aim is
to evaluate the first three coefficients of the heat kernel asymptotic expansion in
powers of Riemann curvature R but in all orders of the U(1) curvature F. This is
equivalent to a partial summation in the heat kernel asymptotic expansion as t → 0
of all powers of F in terms which are linear and quadratic in Riemann curvature
R.
2 Setup of the Problem
Let M be a n-dimensional compact Riemannian manifold without boundary and
S be a complex vector bundle over M realizing a representation of the group
G ⊗ U(1). Let ϕ be a section of the bundle S and ∇ be the total connection on the
bundle S (including the G-connection as well as the U(1)-connection). Then the
commutator of covariant derivatives defines the curvatures
[∇µ,∇ν]ϕ = (Rµν + iFµν)ϕ , (2.1)
where Rµν is the curvature of the G-connection and Fµν is the curvature of the
U(1)-connection (which will be also called the electromagnetic field).
In the present paper we consider a second-order Laplace type partial differen-
tial operator,
L = −∆, ∆ = gµν∇µ∇ν . (2.2)
The heat kernel for the operator L is defined as the solution of the heat equation
(∂t +L ) U(t|x, x′) = 0 , (2.3)
with the initial condition
U(0|x, x′) = P(x, x′)δ(x, x′) . (2.4)
where δ(x, x′) is the covariant scalar delta function and P(x, x′) is the operator of
parallel transport of the sections of the bundle S along the geodesic from the point
x′ to the point x.
The spectral properties of the operator L are described in terms of the spectral
functions, defined in terms of the L2 traces of some functions of the operator L ,
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such as the zeta-function ζ(s) = Tr L −s, and the heat trace
Tr exp(−tL ) =
∫
M
dvol tr Udiag(t) , (2.5)
where dvol = g1/2dx is the Riemannian volume element with g = det gµν and tr
denotes the fiber trace. Here and everywhere below the diagonal value of any two
point quantity f (x, x′) denotes the coincidence limit as x → x′, that is,
f diag = f (x, x) . (2.6)
It is well known [18] that the heat kernel has the asymptotic expansion as
t → 0 (see also [2, 10, 11, 23])
U(t|x, x′) ∼ (4πt)−n/2P(x, x′)∆1/2(x, x′) exp
[
−
σ(x, x′)
2t
] ∞∑
k=0
tkak(x, x′) , (2.7)
where σ(x, x′) is the geodesic interval (or the world function) defined as one half
the square of the geodesic distance between the points x and x′ and ∆(x, x′) is
the Van Vleck-Morette determinant. The coefficients ak(x, x′) are called the off-
diagonal heat kernel coefficients.
The heat kernel diagonal and the heat trace have the asymptotic expansion as
t → 0 [2, 23]
Udiag(t) ∼ (4πt)−n/2
∞∑
k=0
tkadiagk , (2.8)
Tr exp(−tL ) ∼ (4πt)−n/2
∞∑
k=0
tkAk , (2.9)
where
a
diag
k = ak(x, x) (2.10)
and
Ak =
∫
M
dvol tr adiagk . (2.11)
The coefficients Ak are called the global heat kernel coefficients; they are spectral
invariants of the operator L .
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The diagonal heat kernel coefficients adiagk are polynomials in the jets of the
metric, the G- connection and the U(1)-connection; in other words, in the curva-
ture tensors and their derivatives. Let us symbolically denote the jets of the metric
and the G-connection by
R(n) =
{
∇(µ1 · · · ∇µnR
a
µn+1
b
µn+2) , ∇(µ1 · · · ∇µnR
a
µn+1)
}
, (2.12)
and the jets of the U(1) connection by
F(n) = ∇(µ1 · · · ∇µn F
a
µn+1) . (2.13)
Here and everywhere below the parenthesis indicate complete symmetrization
over all indices included.
By counting the dimension it is easy to describe the general structure of the
coefficients adiagk . Let us introduce the multi-indices of nonnegative integers
i = (i1, . . . , im), j = ( j1, . . . , jl) . (2.14)
Let us also denote
|i| = i1 + · · · + im, |j| = j1 + · · · + jl . (2.15)
Then symbolically
a
diag
k =
k∑
N=1
N∑
l=0
N−l∑
m=0
∑
i,j≥0
|i|+|j|+2N=2k
C(k,l,m),i,jF( j1) · · ·F( jl) R(i1) · · ·R(im) , (2.16)
where C(k,l,m),i,j are some universal constants.
The lower order diagonal heat kernel coefficients are well known [18, 2, 11]
a
diag
0 = 1 , (2.17)
a
diag
1 =
1
6R , (2.18)
a
diag
2 =
1
30∆R +
1
72
R2 −
1
180RµνR
µν +
1
180RαβµνR
αβµν
+
1
12
RµνR
µν +
1
6RµνiF
µν −
1
12
FµνFµν . (2.19)
To avoid confusion we should stress that the normalization of the coefficients ak
differs from the papers [2, 10, 11].
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In the present paper we study the case of a parallel U(1) curvature (covariantly
constant electromagnetic field), i.e.
∇µFαβ = 0 . (2.20)
That is, all jets F(n) are set to zero except the one of order zero, which is F itself.
In this case eq. (2.16) takes the form
a
diag
k =
k∑
N=1
N∑
l=0
N−l∑
m=0
∑
i≥0
|i|+2N=2k
C(k,l,m),iF l R(i1) · · ·R(im) , (2.21)
where C(k,l,m),i are now some (other) numerical coefficients.
Thus, by summing up all powers of F in the asymptotic expansion of the heat
kernel diagonal we obtain a new (non-perturbative) asymptotic expansion
Udiag(t) ∼ (4πt)−n/2
∞∑
k=0
tka˜diagk (t) , (2.22)
where the coefficients a˜diagk (t) are polynomials in the jets R(n)
a˜
diag
k (t) =
k∑
N=1
N∑
m=0
∑
i≥0
|i|+2N=2k
f (k)(m,i)(t) R(i1) · · ·R(im) , (2.23)
and f (k)(m,i)(t) are some universal dimensionless tensor-valued analytic functions that
depend on F only in the dimensionless combination tF.
For the heat trace we obtain then a new asymptotic expansion of the form
Tr exp(−tL ) ∼ (4πt)−n/2
∞∑
k=0
tk ˜Ak(t) , (2.24)
where
˜Ak(t) =
∫
M
dvol tr a˜diagk (t) . (2.25)
This expansion can be described more rigorously as follows. We rescale the
U(1)-curvature F by
F 7→ F(t) = t−1 ˜F , (2.26)
I. G. Avramidi and G. Fucci : Non-perturbative Heat Kernel Asymptotics 6
so that tF(t) = ˜F is independent of t. Then the operator L (t) becomes dependent
on t (in a singular way!). However, the heat trace still has a nice asymptotic
expansion as t → 0
Tr exp[−tL (t)] ∼ (4πt)−n/2
∞∑
k=0
tk ˜Ak , (2.27)
where the coefficients ˜Ak are expressed in terms of ˜F = tF(t), and, therefore, are
independent of t. Thus, what we are doing is the asymptotic expansion of the heat
trace for a particular case of a singular (as t → 0) time-dependent operator L (t).
Let us stress once again that the eq. (2.23) should not be taken literally; it only
represents the general structure of the coefficients a˜diagk (t). To avoid confusion we
list below the general structure of the low-order coefficients in more detail
a˜
diag
0 (t) = f (0)(t) , (2.28)
a˜
diag
1 (t) = f (1)(1,1)αβµν(t)Rαβµν + f (1)(1,2)µν(t)Rµν , (2.29)
a˜
diag
2 (t) = f (2)(1,1)αβµνσρ(t)∇(α∇β)Rµνσρ + f (2)(1,2)αβµν(t)∇(α∇β)Rµν
+ f (2)(2,1)αβγδµνσρ(t)RαβγδRµνσρ + f (2)(2,2)αβµν(t)RαβRµν
+ f (2)(2,3)αβµνσρ(t)RαβRµνσρ (2.30)
with obvious enumeration of the functions. It is the universal tensor functions
f (i)(l,m)(t) that are of prime interest in this paper. Our main goal is to compute the
functions f (i)(l,m)(t) for the coefficients a˜diag0 (t), a˜diag1 (t) and a˜diag2 (t).
Of course, for t = 0 (or F = 0) the coefficients a˜k(t) are equal to the usual
diagonal heat kernel coefficients
a˜
diag
k (0) = adiagk . (2.31)
Therefore, by using the explicit form of the coefficients adiagk given by (2.19) we
obtain the initial values for the functions f (i)( j,k). Moreover, by analyzing the corre-
sponding terms in the coefficients adiag3 and a
diag
4 (which are known, [18, 2, 22]),
one can obtain partial information about some lower order Taylor coefficients of
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the functions f (i)( j,k)(t):
f (0)(t) = 1 − 1
12
t2FµνFµν + O(t3) , (2.32)
f (1)(1,1)αβµν(t) =
1
6δ
α
[µδ
β
ν] + O(t) , (2.33)
f (1)(1,2)µν(t) =
1
6 tiF
µν + O(t2) , (2.34)
f (2)(1,1)αβµνσρ(t) =
1
30g
αβδ
µ
[σδ
ν
ρ] + O(t) , (2.35)
f (2)(1,2)αβµν(t) = −
1
15 tiF
(α
[νδ
β)
µ] + O(t2) , (2.36)
f (2)(2,1)αβγδµνσρ(t) =
1
180gµ[αgβ]νg
σ[γgδ]ρ −
1
180δ
[γ
[αgβ][νg
δ][ρδσ]
µ]
+
1
72
δ
γ
[αδ
δ
β]δ
σ
[µδ
ρ
ν] + O(t) ,
(2.37)
f (2)(2,2)αβµν(t) =
1
12
δα[µδ
β
ν] + O(t) , (2.38)
f (2)(2,3)αβµνσρ(0) = −
1
36 tiF
αβδ
µ
[σδ
ν
ρ] −
1
30
tiFµνδα[σδ
β
ρ] +
1
9δ
[µ
[σtiF
ν][αδβ]
ρ] + O(t2) .
(2.39)
This information can be used to check our final results.
Notice that the global coefficients ˜Ak(t) have exactly the same form as the local
ones; the only difference is that the terms with the derivatives of the Riemann cur-
vature do not contribute to the integrated coefficients since they can be eliminated
by integrating by parts and taking into account that F is covariantly constant.
Moreover, we study even more general non-perturbative asymptotic expansion
for the off-diagonal heat kernel and compute the coefficients of zero, first and
second order in the Riemann curvature. We will show that there is a new non-
perturbative asymptotic expansion of the off-diagonal heat kernel as t → 0 (and
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F = t−1 ˜F, so that tF is fixed) of the form
U(t|x, x′) ∼ P(x, x′)∆1/2(x, x′)U0(t|x, x′)
∞∑
k=0
tk/2bk(t|x, x′) (2.40)
where U0 is an analytic function of F such that for F = 0
U0(t|x, x′)
∣∣∣∣∣∣
F=0
= (4πt)−n/2 exp
[
−
σ(x, x′)
2t
]
. (2.41)
Here bk(t|x, x′) are analytic functions of t that depend on F only in the dimension-
less combination tF. Of course, for t = 0 they are equal to the usual heat kernel
coefficients, that is,
b2k(0|x, x′) = ak(x, x′) , b2k+1(0|x, x′) = 0. (2.42)
Moreover, we will show below that the odd-order coefficients vanish not only for
t = 0 and any x , x′ but also for any t and x = x′, that is, on the diagonal,
bdiag2k+1(t) = 0 . (2.43)
Thus, the heat kernel diagonal has the asymptotic expansion (2.22) as t → 0 with
a˜
diag
k (t) = (4πt)n/2Udiag0 (t)bdiag2k (t) . (2.44)
3 Geometric Framework
Our goal is to study the heat kernel U(t|x, x′) in the neighborhood of the diagonal
as x → x′. Therefore, we will expand all relevant quantities in covariant Taylor
series near the diagonal following the methods developed in [2, 11, 10, 12]. We fix
a point, say x′, on the manifold M and consider a sufficiently small neighborhood
of x′, say a geodesic ball with a radius smaller than the injectivity radius of the
manifold. Then, there exists a unique geodesic that connects every point x to
the point x′. In order to avoid a cumbersome notation, we will denote by Latin
letters tensor indices associated to the point x and by Greek letters tensor indices
associated to the point x′. Of course, the indices associated with the point x (resp.
x′) are raised and lowered with the metric at x (resp. x′). Also, we will denote by
∇a (resp. ∇′µ) covariant derivative with respect to x (resp. x′).
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We remind below the definition of some of the two-point functions that we
will need in our analysis. First of all, the world function σ(x, x′) is defined as one
half of the square of the length of the geodesic between the points x and x′. It
satisfies the equation
σ =
1
2
uaua = uµu
µ , (3.1)
where
ua = ∇aσ, uµ = ∇
′
µσ . (3.2)
The variables uµ are nothing but the normal coordinates at the point x′.
The Van Vleck-Morette determinant is defined by
∆(x, x′) = g− 12 (x) det[−∇a∇′νσ(x, x′)]g−
1
2 (x′) . (3.3)
This quantity should not be confused with the Laplacian ∆ = gµν∇µ∇ν. Usually,
the meaning of ∆ will be clear from the context. We find it convenient to parame-
terize it by
∆(x, x′) = exp[2ζ(x, x′)] . (3.4)
Next, we define the tensor
ηµb = ∇b∇
′µσ , (3.5)
and the tensor γaµ inverse to ηµa by
γaµη
µ
b = δ
a
b , η
µ
bγ
b
ν = δ
µ
ν . (3.6)
This enables us to define new derivative operators by
¯∇µ = γ
a
µ∇a . (3.7)
These operators commute when acting on objects that have been parallel trans-
ported to the point x′ (in other words the objects that do not have Latin indices).
In fact, when acting on such objects these operators are just partial derivatives
with respect to normal coordinate u
¯∇µ =
∂
∂uµ
. (3.8)
We also define the operators
Dµ = ¯∇µ −
1
2
iFµαuα . (3.9)
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Obviously, they form the algebra[
Dµ,Dν
]
= iFµν ,
[
Dµ, u
ν
]
= δµ
ν . (3.10)
Next, the parallel displacement operator P(x, x′) of sections of the vector bun-
dle S along the geodesic from the point x′ to the point x is defined as the solution
of the equation
ua∇aP(x, x′) = 0 , (3.11)
with the initial condition
P(x, x) = I , (3.12)
where I is the identity endomorphism of the bundle S. Finally, we define the
two-point quantity
Aµ = P
−1
¯∇µP . (3.13)
We remind, here, that we consider the case of a covariantly constant electro-
magnetic field, i.e.
∇µFαβ = 0 . (3.14)
In this case we find it useful to decompose the quantity Aµ as
Aµ = −
1
2
iFµαuα + ¯Aµ . (3.15)
By using this machinery we can rewrite the heat kernel as follows. First of all,
the heat kernel can be presented in the form
U(t|x, x′) = exp (−tL )P(x, x′)δ(x, x′) , (3.16)
which can also be written as
U(t|x, x′) = P(x, x′)∆ 12 (x, x′) exp(−t ˜L )δ(u) , (3.17)
where δ(u) is the usual delta-function in the normal coordinates uµ (recall that uµ
depends on x and x′ and u = 0 when x = x′) and ˜L is an operator defined by
˜L = P−1(x, x′)∆− 12 (x, x′)L∆ 12 (x, x′)P(x, x′) . (3.18)
As is shown in [2, 11] the operator ˜L can be written in the form
˜L = −∆
1
2 ( ¯∇µ +Aµ)∆−1Xµν( ¯∇ν +Aν)∆ 12
= −
(
¯∇µ +Aµ − ζµ
)
Xµν
(
¯∇ν +Aν + ζν
)
= −
(
Dµ + ¯Aµ − ζµ
)
Xµν
(
Dν + ¯Aν + ζν
)
, (3.19)
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where ζµ = ¯∇µζ .
Now, by using these equations and by recalling the formula in (3.15), one can
rewrite the operator in (3.19) in another way as follows
˜L = −
(
XµνDµDν + YµDµ + Z
)
, (3.20)
where
Xµν = ηµaηνa , (3.21)
Yµ = ( ¯∇µXµν) + 2Xµν ¯Aµ , (3.22)
Z = ¯AµXµν ¯Aν − ζµXµνζν + ( ¯∇µXµν) ¯Aν + ( ¯∇µXµν)ζν
+ Xµν ¯∇µ ¯Aν + Xµν ¯∇µζν . (3.23)
4 Perturbation Theory
Our goal is now to develop the perturbation theory for the heat kernel. We need
to identify a small expansion parameter ε in which the perturbation theory will be
organized as ε → 0. First of all, we assume that t is small, more precisely, we
require t ∼ ε2. Also, since we will work close to the diagonal, that is, x is close to
x′, we require that uµ ∼ ε. This will also mean that ¯∇ ∼ ε−1 and ∂t ∼ ε−2. Finally,
we assume that F is large, that is, of order F ∼ ε−2. To summarize,
t ∼ ε2, uµ ∼ ε, F ∼ ε−2 . (4.1)
4.1 Covariant Taylor Expansion
The Taylor expansions of the quantities introduced above have the form (up to the
fifth order) [2, 11]
Xµν = gµν +
1
3R
µ
α
ν
βu
αuβ −
1
6∇αR
µ
β
ν
γu
αuβuγ +
1
20∇α∇βR
µ
γ
ν
δu
αuβuγuδ
+
1
15R
µ
αλβRλγνδuαuβuγuδ + O(u5) , (4.2)
ζ =
1
12
Rαβuαuβ −
1
24
∇αRβγuαuβuγ +
1
80
∇α∇βRγδuαuβuγuδ
+
1
360RµανβR
µ
γ
ν
δu
αuβuγuδ + O(u5) , (4.3)
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∆
1
2 = 1 + 1
12
Rαβuαuβ −
1
24
∇αRβγuαuβuγ +
1
80
∇α∇βRγδuαuβuγuδ
+
1
288
RαβRγδuαuβuγuδ +
1
360RµανβR
µ
γ
ν
δu
αuβuγuδ + O(u5) . (4.4)
¯Aµ = −
1
2
Rµαu
α +
1
24
RµανβiFνγuαuβuγ +
1
3
∇αRµβu
αuβ
+
1
24
RµανβRνγuαuβuγ −
1
8
∇α∇βRµγu
αuβuγ
−
1
720
RµανβRνγλδiFλǫuαuβuγuδuǫ + O(u6) . (4.5)
We would like to stress that all coefficients of such expansions are evaluated at the
point x′. Also note that, the expansion for ¯Aµ is valid in the case of a covariantly
constant electromagnetic field.
4.2 Perturbation Theory for the Operator L
Now, we expand the operator ˜L in a formal power series in ε (recall that D ∼ ε−1
and u ∼ ε) to obtain
L ∼ −
∞∑
k=0
Lk , (4.6)
where Lk are operators of order εk−2. In particular,
L0 = D
2 , (4.7)
L1 = 0 , (4.8)
Lk = Xµνk DµDν + Y
µ
kDµ + Zk , k ≥ 2 . (4.9)
where
D2 = gµνDµDν , (4.10)
and Xµνk , Y
µ
k and Zk are some tensor-valued polynomials in normal coordinates uµ.
Note that Xµνk are homogeneous polynomials in normal coordinates uµ and F
of order εk. Similarly, Yµk ∼ εk−1 and Zk ∼ εk−2. Of course, here the terms Fuu are
counted as of order zero. That is, they have the form
Xµνk = P
µν
(1), k(u) , (4.11)
Yµk = P
µ
(2), k−1 + FαβP
µαβ
(3), k+1(u) , (4.12)
Zk = P(4), k−2 + FαβPαβ(5), k(u) + FαβFρσPαβρσ(6), k+2(u) , (4.13)
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where P( j), k(u) are homogeneous tensor valued polynomials of degree k.
By using the covariant Taylor expansions in (4.2), (4.5) and (4.3) we find the
explicit expression of the coefficients
Xµν2 = C
µν
2 αβu
αuβ , (4.14)
Yµ2 = E
µ
2αu
α +Gµ2αβγu
αuβuγ , (4.15)
Z2 = H2 αβuαuβ + L2 , (4.16)
Xµν3 = C
µν
3 αβγu
αuβuγ , (4.17)
Yµ3 = E
µ
3αβu
αuβ , (4.18)
Z3 = H3 αuα , (4.19)
Xµν4 = C
µν
4 αβγδu
αuβuγuδ , (4.20)
Yµ4 = E
µ
4 αβγu
αuβuγ +Gµ4 αβγδǫu
αuβuγuδuǫ , (4.21)
Z4 = H4 αβuαuβ + L4 αβγδuαuβuγuδ + O4 αβγδǫκuαuβuγuδuǫuκ , (4.22)
where
Cµν2 αβ =
1
3
Rµ(ανβ) ,
Eµ2α = −
1
3
Rµα − Rµα ,
Gµ2αβγ = −
1
12
Rµ(ανβiFγ)ν ,
H2 αβ = −
1
24
Rµ(αiFµβ) ,
L2 =
1
6R , (4.23)
Cµν3 αβγ = −
1
6∇(αR
µ
β
ν
γ) ,
Eµ3αβ =
1
3∇(αR
µ
β) −
1
6∇
µRαβ +
2
3∇(αR
µ
β) ,
H3 α =
1
3∇µR
µ
α −
1
6∇αR , (4.24)
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Cµν4 αβγδ =
1
15R
µ(α|λ|βRλγνδ) +
1
20
∇(α∇βRµγνδ) ,
Eµ4 αβγ = −
1
15R
µ
ν(α|λ|Rνβλγ) −
1
60R
µ(ανβRγ)ν −
1
4
Rµ(ανβR|ν|γ)
+
1
10
∇(α∇µRβγ) −
3
20
∇(α∇βRµγ) −
1
4
∇(α∇βRµγ) ,
Gµ4 αβγδǫ =
1
40
Rµ(α|ν|βRνγλδiF|λ|ǫ) ,
H4 αβ =
1
4
Rµ(αRµβ) −
1
30
RµαRµβ −
1
4
∇(α∇|µ|Rµβ) +
1
60RµνR
µ
α
ν
β
+
1
60RµλγαR
µλγ
β +
1
40
∆Rαβ +
3
40
∇α∇βR ,
L4 αβγδ = −
1
80
Rµ(ανβRµγiF|ν|δ) −
1
80
Rµ(α|λ|βRλγµνiF|ν|δ) −
1
24
Rµ(αRµβνγiF|ν|δ) ,
O4 αβγδǫκ =
1
576Rµ(α
ν
βRµγλδiF|ν|ǫiF|λ|κ) . (4.25)
Here and everywhere below the parenthesis denote the complete symmetrization
over all indices enclosed; the vertical lines indicate the indices excluded from the
symmetrization.
4.3 Perturbation Theory for the Heat Semigroup
Now, by using the perturbative expansion (4.6) of the operator ˜L and recalling
that D2 ∼ ε−2 and t ∼ ε2, we see that the operator tD2 is of zero order and the
operator tLk, k ≥ 2, is of (higher) order εk. Therefore, we can consider the terms
tLk with k ≥ 2 as a perturbation.
In order to evaluate the heat semigroup we utilize the Volterra series for the
exponent of two non-commuting operators. Let X be an operator and Y be a
perturbation (say of order one in a small parameter). Then
exp(X + Y) = T exp X , (4.26)
where
T = I +
∞∑
k=1
1∫
0
dτk
τk∫
0
dτk−1 · · ·
τ2∫
0
dτ1 ˜Y(τ1) ˜Y(τ2) · · · ˜Y(τk) (4.27)
and
˜Y(τ) = eτXYe−τX . (4.28)
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By using the above series for the operator in (4.6) we obtain
exp(−t ˜L ) = T (t) exp(tD2) , (4.29)
where T (t) is an operator defined by a formal perturbative expansion
T (t) ∼
∞∑
k=0
Tk(t) , (4.30)
with Tk(t) being of order εk. Explicitly, up to terms of fifth order we obtain
T0(t) = I , (4.31)
T1(t) = 0 , (4.32)
T2(t) = t
1∫
0
dτ1 V2(tτ1) , (4.33)
T3(t) = t
1∫
0
dτ1 V3(tτ1) (4.34)
T4(t) = t
1∫
0
dτ1 V4(tτ1) + t2
1∫
0
dτ2
τ2∫
0
dτ1 V2(tτ1)V2(tτ2) , (4.35)
and
Vk(s) = esD2Lke−sD2 . (4.36)
4.4 Perturbation Theory for the Heat Kernel
As we already mentioned above the heat kernel can be computed from the heat
semigroup by using the equation (3.17). By using the heat semigroup expansion
from the previous section we now obtain the heat kernel in the form
U(t|x, x′) ∼ P(x, x′)∆1/2(x, x′)U0(t|x, x′)
∞∑
k=0
tk/2bk(t|x, x′) (4.37)
where
U0(t|x, x′) = exp(tD2)δ(u) , (4.38)
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and
bk(t|x, x′) = t−k/2U−10 (t|x, x′)Tk(t)U0(t|x, x′) . (4.39)
Thus, the calculation of the heat kernel coefficients reduces to the evaluation of
the zero-order heat kernel U0(t|x, x′) and to the action of the differential operators
Tk(t) on it.
The zero order heat kernel U0(t|x, x′) can be evaluated by using the algebraic
method developed in [3, 4]. First, the heat semigroup exp(tD2) can be represented
as an average over the (nilpotent) Lie group (3.10) with a Gaussian measure
exp(tD2) = (4πt)−n/2J(t)
∫
Rn
dk exp
{
−
1
4
kµMµν(t)kν + kµDµ
}
. (4.40)
where
J(t) = det
(
tiF
sinh(tiF)
)1/2
(4.41)
and M(t) is a symmetric matrix defined by
M(t) = iF coth(tiF) . (4.42)
We would like to stress, at this point, that here and everywhere below all the
functions of the 2-form F are analytic and should be understood in terms of a
power series in F.
Then by using the relation
exp(kµDµ)δ(u) = δ(u + k) , (4.43)
one obtains
U0(t|x, x′) = (4πt)−n/2J(t) exp
{
−
1
4
uµMµν(t)uν
}
, (4.44)
which is nothing but the Schwinger kernel for an electromagnetic field on Rn [21].
To obtain the asymptotic expansion of the heat kernel diagonal we just need
to set x = x′ (or u = 0). At this point, we notice the following interesting fact.
The operators tLk, tVk(tτ) and Tk(t) are differential operators with homogeneous
polynomial coefficients (in uµ) of order εk. Recall that u ∼ ε, t ∼ ε2 and F ∼ ε−2,
so that tF and Fuu are counted as of order zero. Since the zero order heat kernel
U0 is Gaussian, then the off-diagonal coefficients bk(t|x, x′) are polynomials in u.
The point we want to make now is the following.
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Lemma 1. The off-diagonal odd-order coefficients b2k+1 are odd order polynomi-
als in uµ, that is, they satisfy
b2k+1(t|x, x′)
∣∣∣∣
u7→−u
= −b2k+1(t|x, x′) , (4.45)
and, therefore, vanish on the diagonal,
bdiag2k+1(t) = 0 . (4.46)
Proof. We discuss the transformation properties of various quantities under the
reflection of the coordinates, u 7→ −u. First, we note that the operator D changes
sign, and, therefore, the operator L0 = −D2 is invariant. Next, from the general
form of the operator Lk discussed above we see that Lk 7→ (−1)kLk. Therefore,
the same is true for the operator Vk(tτ), that is, Vk 7→ (−1)kVk.
Now, the operator Tk(t) has the following general form
Tk = tk
[k/2]∑
m=1
1∫
0
dτ1 · · ·
τm−1∫
0
dτm
∑
|j|=k
Cm, jV j1(tτ1) · · ·V jm(tτm) , (4.47)
where the summation goes over multiindex j = ( j1, . . . , jm) of integers j1, . . . , jm ≥
2 such that |j| = j1 + · · · + jm = k, and Cm, j are some numerical coefficients.
Therefore, the operator Tk transforms as Tk 7→ (−1)kTk.
Since the zero-order heat kernel U0 is invariant under the reflection of coor-
dinates u 7→ −u, we finally find that the coefficients bk transform according to
bk 7→ (−1)kbk. Thus, b2k are even polynomials and b2k+1 are odd-order polynomi-
als.

By using this lemma and by setting x = x′ we obtain the asymptotic expansion
of the heat kernel diagonal
Udiag(t) ∼ (4πt)−n/2J(t)
∞∑
k=0
tkbdiag2k (t) , (4.48)
where the function J(t) is defined in (4.41). Thus, we obtain
a˜
diag
k (t) = J(t)bdiag2k (t) . (4.49)
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4.5 Algebraic Framework
As we have shown above the evaluation of the heat semigroup is reduced to the
calculation of the operators Vk(s) defined by (4.36), which reduces, in turn, to the
computation of general expressions
esD
2
uν1 · · · uνnDµ1 · · ·Dµme
−sD2 = Zν1(s) · · ·Zνn(s)Aµ1(s) · · ·Aµm(s) , (4.50)
where
Zν(s) = esD2uνe−sD2 . (4.51)
Aµ(s) = esD2Dµe−sD2 . (4.52)
Obviously, the operators Aµ and Zν form the algebra
[Aµ(s), Zν(s)] = δνµ, [Aµ(s), Aν(s)] = iFµν , [Zµ(s), Zν(s)] = 0 . (4.53)
The operators Aµ(s) and Zν(s) can be computed as follows. First, we notice
that Aµ(s) satisfies the differential equation
∂sAµ(s) = AdD2 Aµ(s) , (4.54)
with the initial condition
Aµ(0) = Dµ .
Hereafter AdD2 is an operator acting as a commutator, that is,
AdD2 Aµ(s) ≡ [D2, Aµ(s)] . (4.55)
The solution of eq. (4.54) is
Aµ(s) = exp(sAdD2)Dµ , (4.56)
which can be written in terms of series as
Aµ(s) =
∞∑
k=0
sk
k!
(AdD2)k Dµ . (4.57)
Now, by using the algebra (3.10) we first obtain the commutator
[D2,Dµ] = −2iFµαDα , (4.58)
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and then, by induction,
(AdD2)k Dµ = (−2i)kFµα1 Fα1α2 · · ·Fαk−1αkDαk = [(−2iF)k]µαDα . (4.59)
By substituting this result in the series (4.57) we finally find that
Aµ(s) = Ψµα(s)Dα , (4.60)
where
Ψ(s) = exp(−2siF) . (4.61)
Similarly, for the operators Zν(s) we find
Zµ(s) = exp(sAdD2)uµ =
∞∑
k=0
sk
k! (AdD2)
k uµ . (4.62)
Now, by using the commutators in (3.10), we find
AdD2uµ =
[
D2, uµ
]
= 2Dµ , (4.63)
and then, by induction, we obtain, for k ≥ 2,
(AdD2)k uµ = 2[(−2iF)k−1]µαDα . (4.64)
Thus the operator Zµ(s) in (4.52) takes the form
Zµ(s) = uµ − 2sDµ + 2
∞∑
k=2
sk
k![(−2iF)
k−1]µαDα . (4.65)
This series can be easily summed up to give
Zµ(s) = uµ + Ωµα(s)Dα , (4.66)
where
Ω(s) = 1 − exp(−2siF)
iF
= 2 exp(−siF)sinh(siF)
iF
. (4.67)
Now, by using (4.61) and (4.67) we obtain
Ω−1(s) = 1
2
iF [coth(siF) + 1] = 1
2
[M(s) + iF] . (4.68)
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We will need the symmetric and the antisymmetric parts of Ω−1(s). By recalling
that the matrix F is anti-symmetric it is easy to show
Ω−1(µν)(s) =
1
2
Mµν(s) . (4.69)
Ω−1[µν](s) =
1
2
iFµν , (4.70)
Here and everywhere below the square brackets denote the complete antisym-
metrization over all indices included.
For the future reference we also notice that
Ω−1(s)ΩT (s) = Ψ−1(s) = exp(2siF) , (4.71)
Finally, we define another function
Φ(s) = Ψ(s)Ω−1(s) =
(
Ω−1(s)
)T
=
1
2
[M(s) − iF] . (4.72)
It is useful to remember that the functions Ψ, FΩ and ΦΩ are dimensionless.
4.6 Flat Connection
Next, we transform the operators Zµ to define new (time-dependent) derivative
operators by
Dµ(s) = Ω−1µν (s)Zν(s) . (4.73)
By using the explicit form of the operators Zµ and Dµ we have
Dµ(s) = Dµ + Ω−1µρ (s)uρ
= ¯∇µ +
1
2
Mµρ(s)uρ . (4.74)
Since the operators Zµ commute, the operators Dµ(s) obviously commute as
well. In other words the connection Dµ is flat. Therefore, it can also be written as
Dµ(s) = e−Θ(s) ¯∇µeΘ(s) , (4.75)
where,
Θ(s) = 1
4
uµMµν(s)uν (4.76)
Now, we can rewrite the operators Aµ(s) and Zµ(s) in (4.60) and (4.66) in terms
of the operators Dµ(s)
Aµ(s) = Ψµα(s)
(
Dα(s) − Ω−1αρ(s)uρ
)
,
Zµ(s) = Ωµα(s)Dα(s) . (4.77)
I. G. Avramidi and G. Fucci : Non-perturbative Heat Kernel Asymptotics 21
5 Evaluation of the Operator T
The perturbative expansion of the operator T is given by the eq. (4.30), with
the operators Tk being integrals of the operators Vk(s) and their product. Thus,
according to (4.33)-(4.35), to compute the operator T up to the fourth order we
need to compute the operators V2(s), V3(s), V4(s) and V2(s1)V2(s2).
5.1 Second Order
Now, by using the explicit expression for L2 given by eqs. (4.9), (4.16) and (4.23),
utilizing the results of the Section 3, exploiting eqs. (4.77), (B.2) and (B.3), using
eqs. (4.61), (4.67), (4.71) and (4.72) after some straightforward but cumbersome
calculations we obtain
V2(s) = 16R + N
σ
(2)Dσ + P
γδ
(2)DγDδ +W
σγδ
(2) DσDγDδ
+ Qρσγδ(2) DρDσDγDδ , (5.1)
where
Nσ(2) =
(
Rµα −
1
3R
µ
α
)
ΩασΦµηu
η , (5.2)
Pγδ(2) =
1
3R
µ
α
ν
βΩ
α(γΩ|β|δ)
[
ΦµκΦνσu
κuσ −
1
2
Mµν
]
+
1
24
RνρΩρ(γ
[
δν
δ) + 7Ψνδ)
]
− RνβΩ
β(γΨνδ) , (5.3)
Wσδγ(2) = −
1
12
RµανβΩα(σΩ|β|δ
[
δν
γ) + 7Ψνγ)
]
Φµκu
κ , (5.4)
Qρσδγ(2) =
1
12
RµανβΩα(ρΩ|β|σΨµδ
[
δν
γ) + 3Ψνγ)
]
. (5.5)
Note that all these coefficients as well as the operators Dµ depend on the time
variable s. We will indicate explicitly the dependence of various quantities on the
time parameter only in the cases when it causes confusion, in particular, when
there are two time parameters.
5.2 Third Order
Similarly, by using the explicit expression for L3 given by (4.9), (4.19) and (4.24),
utilizing the results of the Section 3, exploiting eqs. (4.77), (B.2) and (B.3), using
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eqs. (4.61), (4.67), (4.71) and (4.72) after some straightforward but cumbersome
calculations we obtain
V3(s) = Nσ(3)Dσ + Pσρ(3)DσDρ + Wσρι(3) DσDρDι
+Qσριǫ(3) DσDρDιDǫ + Yσριǫκ(3) DσDρDιDǫDκ , (5.6)
where
Nσ(3) = −
1
6
(
∇αR + 2∇µRµα
)
Ωασ , (5.7)
Pγδ(3) = −
1
6
(
∇µRαβ − 2∇αRµβ + 4∇αRµβ
)
Ωα(γΩ|β|δ)Φµκuκ , (5.8)
Wσγδ(3) = −
1
6∇αR
µ
β
ν
ρΩ
α(σΩ|β|γΩ|ρ|δ)
[
ΦµκΦνǫu
κuǫ −
1
2
Mµν
]
+
1
6
(
∇µRαβ − 2∇(αRµβ) + 4∇(αRµβ)
)
Ωα(σΩ|β|γΨµδ) , (5.9)
Qρσγδ(3) =
1
3∇αR
µ
β
ν
ǫΩ
α(ρΩ|β|σΩ|ǫ |γΨδ)ν Φµκu
κ , (5.10)
Yρσγδǫ(3) = −
1
6∇(αR
µ
β
ν
η)Ωα(ρΩ|β|σΩ|η|γΨδµΨ
ǫ)
ν . (5.11)
Here again, for simplicity, we omitted the dependence of the coefficient functions
and the derivatives on the time variable s.
5.3 Fourth Order
5.3.1 Operator V4(s)
By taking into account the definition of L4 in (4.9) by using eqs. (4.20)-(4.22),
(4.77), (B.2) and (B.3), and the explicit form of the functions Ψ and Ω, we obtain
V4(s) = Pσρ(4)DσDρ +Wσρι(4) DσDρDι + Qσριǫ(4) DσDρDιDǫ
+ Yσριǫκ(4) DσDρDιDǫDκ + S
σριǫκλ
(4) DσDρDιDǫDκDλ , (5.12)
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where
Pσρ(4) =
1
60
[
RµνRµανβ + RµνλαRµνλβ − 2RµαRµβ
]
Ωα(ρΩ|β|σ)
+
1
40
[
∆Rαβ + 3∇α∇βR
]
Ωα(ρΩ|β|σ)
+
1
4
[
RµαR
µ
β + ∇α∇µR
µ
β
]
Ωα(ρΩ|β|σ) , (5.13)
Wσρι(4) =
1
60
[
6∇α∇µRβγ + 15∇α∇βRµγ + 15RµανβRγν − 9∇α∇βRµγ
− RµανβRγν − 4RµναλRνβλγ
]
Ωα(σΩ|β|ρΩ|γ|ι)Φµξuξ ,
(5.14)
Qσριǫ(4) =
1
300
[
20RµαλβRλγνδ + 15∇α∇βRµγνδ
]
Ωα(σΩ|β|ρΩ|γ|ιΩ|δ|ǫ)
×
[
ΦµξΦνςu
ξuς −
1
2
Mµν
]
+
1
240R
α
νRµβνγΩα(σΩβρΩγι
[
3δµǫ) + Ψµǫ)
]
+
1
240Rλ
µ
ν
αRλβνγΩα(σΩβρΩγι
[
3δµǫ) + 13Ψµǫ)
]
−
1
24
Rν
αRµβνγΩα(σΩβρΩγι
[
δµ
ǫ) + 5Ψµǫ)
]
+
1
20
[
3∇α∇βRµγ − 2∇α∇µRβγ − 5∇α∇βRµγ
]
Ωα
(σΩβρΩγιΨµǫ) ,
(5.15)
Yσριǫκ(4) = −
1
10
∇α∇βRµγνδΩα(σΩβρΩγιΩδǫΨνκ)Φµξuξ
−
1
120
RλαµβRλγνδΩα(σΩβρΩγιΩδǫ
[
3δνκ) + 13Ψνκ)
]
Φµξu
ξ ,
(5.16)
S σριǫκλ(4) =
1
20
∇α∇βRµγνδΩα(σΩβρΩγιΩδǫΨµκΨνλ)
+
1
2880
RηαµβRηγνδΩα(σΩβρΩγιΩδǫ
[
62Ψ(µκδν)λ)
+ 125ΨµκΨνλ) + 5δµκδνλ)
]
. (5.17)
I. G. Avramidi and G. Fucci : Non-perturbative Heat Kernel Asymptotics 24
5.3.2 Operator V2(s1)V2(s2)
Next, we need to compute the product of two operators V2(s) depending on dif-
ferent times s1 and s2 by using the eq. (5.1). To simplify the notation we denote
the derivatives Dµ(sk) depending on different times sk simply by D(k)µ . To present
the product V2(s1)V2(s2) in the “normal” form we need to move all derivative op-
erators D(1)µ to the right and all coordinates uν to the left. In order to perform this
task we need the commutator of the derivative operator D(1)µ with the coefficients
of the operator V2(s2). First, by using the commutators listed in Appendix B we
obtain the relevant commutators
[
D(1)µ1 · · ·D
(1)
µn
, Nι(2)(s2)
]
= n f ι(µ1(s2)D(1)µ2 · · ·D(1)µn) , (5.18)[
D(1)µ1 · · ·D
(1)
µn
, Pιη(2)(s2)
]
= n(n − 1)gιη(µ1µ2(s2)D(1)µ3 · · ·D(1)µn)
+nhιη(µ1(s2)D(1)µ2 · · ·D(1)µn) , (5.19)[
D(1)µ1 · · ·D
(1)
µn
,W ιηκ(2) (s2)
]
= npιηκ(µ1(s2)D(1)µ2 · · ·D(1)µn) , (5.20)
where
f ιλ =
(
Rµβ −
1
3
Rµβ
)
ΩβιΦµλ , (5.21)
gιηλκ =
1
3
Rµ(ανβ)ΩαιΩβηΦµλΦνκ ,
hιηλ =
2
3
Rµ(ανβ)ΩαιΩβηΦµκΦνλuκ , (5.22)
pιηκλ = −
1
12
RµανβΩα(ιΩ|β|η
[
δν
κ) + 7Ψνκ)
]
Φµλ . (5.23)
Next, by using the expression for the operator V2(s) in (5.1) and the non-
vanishing commutators in (5.18)-(5.19) we obtain
V2(s1)V2(s2) = 136R
2 +
1
6R
[
V2(s1) + V2(s2)
]
+ L(s1, s2) , (5.24)
where
L(s1, s2) =
4∑
k=1
4∑
n=0
Cµ1 ···µnν1···νk(n,k) (s1, s2)D(1)µ1 · · ·D(1)µn D(2)ν1 · · ·D(2)νk , (5.25)
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and
Cρ(0,1) = N
α
(2)(s1) f ρα(s2) ,
Cαρ(1,1) = 2N
α
(2)(s1)Nρ(2)(s2) + 2Pια(2)(s1) f ρι(s2) ,
Cαβρ(2,1) = 2P
αβ
(2)(s1)Nρ(2)(s2) + 3Wκαβ(2) (s1) f ρκ(s2) ,
Cαβγρ(3,1) = 2W
αβγ
(2) (s1)Nρ(2)(s2) + 4Qλαβγ(2) (s1) f ρλ(s2) ,
Cαβγδρ(4,1) = 2Qαβγδ(2) (s1)Nρ(2)(s2) , (5.26)
Cρσ(0,2) = N
α
(2)(s1)hρσα(s2) + 2Pαβ(2)(s1)gρσαβ(s2) ,
Cαρσ(1,2) = 2N
α
(2)(s1)Pρσ(2)(s2) + 2Pαβ(2)(s1)hρσβ(s2) + 6Wαβγ(2) (s1)gρσβγ(s2) ,
Cαβρσ(2,2) = 2P
αβ
(2)(s1)Pρσ(2)(s2) + 3Wαβγ(2) (s1)hρσγ(s2) + 12Qαβγδ(2) (s1)gρσγδ(s2) ,
Cαβγρσ(3,2) = 2W
αβγ
(2) (s1)Pρσ(2)(s2) + 4Qαβγδ(2) (s1)hρσδ(s2) ,
Cαβγδρσ(4,2) = 2Qαβγδ(2) (s1)Pρσ(2)(s2) , (5.27)
Cρσυ(0,3) = N
α
(2)(s1)pρσυα(s2) ,
Cαρσυ(1,3) = 2N
α
(2)(s1)Wρσυ(2) (s2) + 2Pµα(2)(s1)pρσυµ(s2) ,
Cαβρσυ(2,3) = 2P
αβ
(2)(s1)Wρσυ(2) (s2) + 3Wµαβ(2) (s1)pρσυµ(s2) ,
Cαβγρσυ(3,3) = 2W
αβγ
(2) (s1)Wρσυ(2) (s2) + 4Qµαβγ(2) (s1)pρσυµ(s2) ,
Cαβγδρσυ(4,3) = 2Qαβγδ(2) (s1)Wρσυ(2) (s2) , (5.28)
Cαρσυχ(1,4) = N
α
(2)(s1)Qρσυχ(2) (s2) ,
Cαβρσυχ(2,4) = P
αβ
(2)(s1)Qρσυχ(2) (s2) ,
Cαβγρσυχ(3,4) = W
αβγ
(2) (s1)Qρσυχ(2) (s2) ,
Cαβγδρσυχ(4,4) = Qαβγδ(2) (s1)Qρσυχ(2) (s2) . (5.29)
6 Generalized Hermite Polynomials
Thus, we reduced the calculation of the asymptotic expansion of the heat kernel
to the calculation of the derivatives Dµ(s) of the zero order heat kernel U0(t|x, x′)
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given by (4.44). The needed derivatives of the zero order heat kernel can be ex-
pressed in terms of the following symmetric tensors
Hµ1···µn(s) = U−10 (t|x, x′)Dµ1(s) · · ·Dµn(s)U0(t|x, x′) (6.1)
and
Ξν1···νmµ1···µn(s1, s2) = U−10 (t|x, x′)D(1)ν1 · · ·D(1)νm D(2)µ1 · · ·D(2)µn U0(t|x, x′) , (6.2)
where we denoted as before D(k)µ = Dµ(sk).
We recall that the derivatives D(1)µ and D(2)ν do not commute! Also, U0 is a
scalar function that depends on x and x′ only through the normal coordinates uµ.
The derivative operator Dµ(s) is defined by (4.74), and, when acting on a scalar
function is equal to
Dµ(s) = ∂
∂uµ
+
1
2
Mµν(s)uν
= e−Θ(s)
∂
∂uµ
eΘ(s) , (6.3)
where the tensor Mµν(s) is defined by (4.42) and the function Θ(s) is a quadratic
form defined by (4.76).
Therefore, by using the explicit form of the zero order heat kernel (4.44) we
see that the tensors Hµ1···µn(s) can be written in the form
Hµ1···µn(s) = exp{Θ(t) − Θ(s)}
∂
∂uµ1
· · ·
∂
∂uµn
exp{Θ(s) − Θ(t)} , (6.4)
The tensors Hµ1···µn(s) are polynomials in uµ. They differ from the usual Her-
mite polynomials of several variables (see, for example, [16]) by some normaliza-
tion. That is why, we call them just Hermite polynomials. The generating function
for Hermite polynomials
H(ξ, s) =
∞∑
n=0
1
n!
ξµ1 · · · ξµnHµ1...µn(s) (6.5)
can be computed as follows
H(ξ, s) = exp {Θ(t) − Θ(s)} exp
(
ξµ
∂
∂uµ
)
exp {Θ(s) − Θ(t)} ,
= exp
{
1
2
ξαΛαβ(s)
[
ξβ + 2uσ
]}
, (6.6)
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where
Λ(s) = 1
2
[
M(s) − M(t)
]
=
1
2
iF
sinh(tiF)
sinh[(t − s)iF]
sinh(siF) . (6.7)
By expanding the exponent in ξ we obtain the Hermite polynomials explicitly.
They can be read off from the expression
ξµ1 · · · ξµnHµ1···µn(s) =
[ n2 ]∑
k=0
(2k)!
2kk!
(
n
2k
) (
ξαΛαβ(s)ξβ
)k (
ξρΛρσ(s)uσ
)n−2k
. (6.8)
For convenience some low-order Hermite polynomials are given explicitly in ten-
sorial form in Appendix A.
Similarly, the tensors Ξν1···νmµ1···µn(s1, s2) can be written in the form
Ξν1···νmµ1···µn(s1, s2) = exp [Θ(t) − Θ(s1)] (6.9)
×
∂
∂uν1
· · ·
∂
∂uνm
exp [Θ(s1) − Θ(s2)] ∂
∂uµ1
· · ·
∂
∂uµn
exp [Θ(s2) − Θ(t)]
They are obviously polynomial in uµ as well. We call them Hermite polynomials
of second kind. The generating function for these polynomials is defined by
Ξ(ξ, η, s1, s2) =
∞∑
m,n=0
1
m!n!ξ
ν1 · · · ξνmηµ1 · · · ηµnΞν1···νmµ1···µn(s1, s2) , (6.10)
and can be computed as follows
Ξ(ξ, η, s1, s2) = exp {Θ(t) − Θ(s1)} exp
(
ξµ
∂
∂uµ
)
exp {Θ(s1) − Θ(s2)}
× exp
(
ην
∂
∂uν
)
exp {Θ(s2) − Θ(t)} , (6.11)
= exp
{
1
2
ξαΛαβ(s1)(ξβ + 2uβ) + 12η
µΛµν(s2)(ην + 2uν) + ξρΛρσ(s2)ησ
}
,
Notice that
Ξ(ξ, η, s1, s2) = H(ξ, s1)H(η, s2) exp
{
ξρΛρσ(s2)ησ
}
(6.12)
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This enables one to express all Hermite polynomials of second kind Ξ(n)(s1, s2)
in terms of the Hermite polynomials H(m)(s1), H(l)(s2), and the matrix Λ(s2).
Namely, they can be read off from the expression
ξν1 · · · ξνmηµ1 · · · ηµnΞν1···νmµ1···µn(s1, s2) =
min(m,n)∑
k=0
k!
(
m
k
)(
n
k
)
(6.13)
×ξν1 · · · ξνm−kHν1···νm−k(s1)ηµ1 · · · ηµn−kHµ1···µn−k(s2)
(
ξρΛρσ(s2)ησ
)k
7 Off-diagonal Coefficients bk
By using the machinery developed above, we can now write the coefficients of the
asymptotic expansion of the heat kernel in terms of generalized Hermite polyno-
mials. We define the following quantity
b2,(1)(t|x, x′) =
1∫
0
dτ
[
Nσ(2)(tτ)Hσ(tτ) + Pγδ(2)(tτ)Hγδ(tτ) + Wσγδ(2) (tτ)Hσγδ(tτ)
+Qρσγδ(2) (tτ)Hρσγδ(tτ)
]
. (7.1)
Then, by referring to the formulas (5.1), (5.6), (5.12) and (5.24) and by using the
following formula for multiple integrals
b∫
a
dτn
τn∫
a
dτn−1 · · ·
τ2∫
a
dτ1 f (τ1) = 1(n − 1)!
b∫
a
dτ (b − τ)n−1 f (τ) , (7.2)
we obtain
b2(t|x, x′) = 16R + b2,(1)(t|x, x
′) , (7.3)
b3(t|x, x′) = t−1/2
1∫
0
dτ
[
Nσ(3)(tτ)Hσ(tτ) + Pγδ(3)(tτ)Hγδ(tτ) + Wσγδ(3) (tτ)Hσγδ(tτ)
+Qρσγδ(3) (tτ)Hρσγδ(tτ) + Y ιρσγδ(3) (tτ)Hιρσγδ(tτ)
]
. (7.4)
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b4(t|x, x′) = 172R
2 +
1
6Rb2,(1)(t|x, x
′)
+t−1
1∫
0
dτ
[
Pιǫ(4)(tτ)Hιǫ(tτ) +W ιǫκ(4) (tτ)Hιǫκ(tτ)
+Qιǫκλ(4) (tτ)Hιǫκλ(tτ) + Y ιǫκλη(4) (tτ)Hιǫκλη(tτ) + S ιǫκληγ(4) (tτ)Hιǫκληγ(tτ)
]
+
4∑
k=1
4∑
n=0
1∫
0
dτ2
τ2∫
0
dτ1 Cµ1 ···µnν1···νk(n,k) (tτ1, tτ2)Ξµ1···µnν1···νk(tτ1, tτ2) .
(7.5)
8 Diagonal Coefficients bk
In order to obtain the diagonal values bdiagk (t) of the coefficients bk(t|x, x′) we just
need to set u = 0 in eqs. (7.3), (7.4) and (7.5). For the rest of this section we will
employ the usual convention of denoting the coincidence limit by square brackets,
that is, [ f (u)]diag = f (0). (8.1)
By inspection of the equation defining the generalized Hermite polynomials in
Appendix A one can easily notice that, in the coincidence limit, all the ones with
an odd number of indices vanish identically, namely
[
Hµ1···µ2n+1
]diag
= 0 . (8.2)
By using the last remark we have the following expression for the coincidence
limit of (7.3), i.e.
bdiag2 (t) =
1
6R + b
diag
2,(1)(t) , (8.3)
where
bdiag2,(1)(t) =
1∫
0
dτ
[
Pγδ(2)(tτ)Hγδ(tτ) + Qρσγδ(2) (tτ)Hρσγδ(tτ)
]diag
. (8.4)
By using the explicit form of the coefficients P(2), Q(2) and the generalized Hermite
polynomials in Appendix A, we obtain
bdiag2,(1)(t) = J(1)αβµν(t)Rµανβ + J(2)µν(t)Rµν + J(3)µν(t)Rµν , (8.5)
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where
J(1)αβµν(t) =
1∫
0
dτ
{
−
1
6Ω
αγΩβδMµνΛγδ
+
1
4
(δνγ + 3Ψνγ)ΩαρΩβσΨµδΛ(ρσΛδγ)
}
, (8.6)
J(2)µν(t) = 124
1∫
0
dτ
(
δ(νδ + 7Ψ(νδ
)
Ωµ)γΛγ
δ , (8.7)
J(3)µν(t) =
1∫
0
dτ Ω[µγΨν]δΛγδ . (8.8)
Here all functions in the integrals depend on tτ.
Next, we introduce the following matrices
A(s) = Ω(s)Λ(s) = 1
2
exp[(t − 2s)iF] − exp(−tiF)
sinh(tiF) . (8.9)
B(s) = Ω(s)Λ(s)Ω(s)T = coth(tiF)
iF
−
cosh[(t − 2s)iF]
iF sinh(tiF) , (8.10)
Γ(s) = Ω−1(s) − 1
4
Ψ(s)Λ(s) − 3
4
Λ(s)
=
1
8
(
3iF coth(tiF) + iF
sinh(tiF) cosh[(t − 2s)iF]
)
. (8.11)
Then, by using the relation
Ω(s)Λ(s)Ψ(s)T = ΩT (s)Λ(s) = AT (s) (8.12)
I. G. Avramidi and G. Fucci : Non-perturbative Heat Kernel Asymptotics 31
we obtain
J(1)αβµν(t) =
1∫
0
dτ
{
−
1
3B
αβ(tτ)Γ(µν)(tτ)
+
1
6
(
Aµ
(α(tτ)Aβ)ν(tτ) + 3A(µα(tτ)Aν)β(tτ)
) }
, (8.13)
J(2)µν(t) = 13
1∫
0
dτA(µν)(tτ) = 16δ
µν , (8.14)
J(3)µν(t) = −
1∫
0
dτA[µν](tτ) = −1
2
(
1
tiF
− coth(tiF)
)[µν]
. (8.15)
Unfortunately the integral J(1)αβµν can not be computed explicitly, in general.
As we already mentioned above all odd order coefficients b2k+1 have zero di-
agonal values. We see this directly for the coefficient b3, which is given by (7.4).
That is, by recalling the formulas in (5.7) through (5.11) and the remark (8.2) we
have
bdiag3 (t) = 0 . (8.16)
Finally, we evaluate the diagonal values of fourth order coefficient b4 given by
(7.5). It can be written as follows
bdiag4 (t) =
1
72
R2 +
1
6Rb
diag
2,(1)(t) + bdiag4,(2)(t) + bdiag4,(3)(t) . (8.17)
By noticing that for odd n+ k, the diagonal values of the coefficients C(n,k) vanish,
[
Cµ1···µnν1···νk(n,k)
]diag
= 0 , (8.18)
and by using the explicit form of Hermite polynomials and the generating function
(6.12) we obtain
bdiag4,(2)(t) = t−1
1∫
0
dτ
{
Pιǫ(4)(tτ)Λιǫ(tτ) + 3
[
Qιǫκλ(4) (tτ)
]diag
Λ(ιǫ(tτ)Λκλ)(tτ)
+15S ιǫκληγ(4) (tτ)Λ(ιǫΛκλ(tτ)Ληγ)(tτ)
}
, (8.19)
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bdiag4,(3)(t) =
1∫
0
dτ2
τ2∫
0
dτ1
{
2
[
Pια(2)(τ1)
]diag f ρι(τ2)Λ(2)αρ + 2[Pαβ(2)(τ1)
]diag
g(ρσ)αβ(τ2)Λ(2)ρσ
+ 12Qλαβγ(2) (τ1) f ρλ(τ2)Λ(1)αβΛ(2)γρ +
(
2
[
Pαβ(2)(τ1)
]diag[
Pρσ(2)(τ2)
]diag
+ 12Qαβγδ(2) (τ1)g(ρσ)γδ(τ2)
) (
Λ
(1)
αβ
Λ(2)ρσ + 2Λ(2)αρΛ
(2)
βσ
)
+ 6
[
Pµα(2)(τ1)
]diag
p(ρσν)µ(τ2)Λ(2)αρΛ(2)σν
+ 2Qαβγδ(2) (τ1)
[
Pρσ(2)(τ2)
]diag (
3Λ(1)
αβ
Λ
(1)
γδ
Λ(2)ρσ + 12Λ
(1)
αβ
Λ(2)γρΛ
(2)
δσ
)
+ 4Qµαβγ(2) (τ1)p(ρσν)µ(τ2)
(
9Λ(1)
αβ
Λ(2)γρΛ
(2)
σν + 6Λ(2)αρΛ
(2)
βσ
Λ(2)γν
)
+
[
Pαβ(2)(τ1)
]diagQρσνχ(2) (τ2)
(
3Λ(1)
αβ
Λ(2)ρσΛ
(2)
νχ + 12Λ(2)αρΛ
(2)
βσ
Λ(2)νχ
)
+ Qαβγδ(2) (τ1)Qρσνχ(2) (τ2)
(
9Λ(1)
αβ
Λ
(1)
γδ
Λ(2)ρσΛ
(2)
νχ + 72Λ
(1)
αβ
Λ(2)ργΛ
(2)
σδ
Λ(2)νχ
+ 24Λ(2)αρΛ
(2)
βσ
Λ(2)γνΛ
(2)
δχ
)}
, (8.20)
where the superscript on the matrix Λ denotes its dependence on either tτ1 or tτ2.
We see that the scalar curvature appears only in the term bdiag2,(1)(t). Now, the
term bdiag4,(2)(t) only contains derivatives of the curvature and quantities which are
quadratic in the curvature with some of their indices contracted. It has the follow-
ing form
bdiag4,(2)(t) =
1
60Bαβ(t)Rµνλ
αRµνλβ + A(1)
λαγβ
(t)RµλναRµγνβ + A(2)αµβγνδ(t)RηαµβRηγνδ
+
1
60Bαβ(t)RµνR
µανβ + A(3)
αµβγ
(t)RανRµβνγ − 130 Bαβ(t)Rµ
αRµβ
+ A(4)
αµβγ
(t)RναRµβνγ + 14Bαβ(t)Rν
αRνβ
+ A(5)
αβµγνδ
(t)∇α∇βRµγνδ + A(6)
αβµν
(t)∇α∇βRµν + 1
40
Bαβ(t)∆Rαβ
+
3
40
Bαβ(t)∇α∇βR + A(7)αβµν(t)∇α∇βRµν +
1
4
Bαβ(t)∇α∇µRµβ , (8.21)
Here the tensors a(i)(s) are functions that only depend on F (but not on the Rie-
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mann curvature) defined by
a(1)λαγβ(s) = 380B(αγAβ)λ +
13
80
B(αγA|λ|β) , (8.22)
a(2)αµβγνδ(s) = 1480Bα(βBγδ)
(
31(ΨΛ)(µν) + 65Λµν
)
−
1
10
MµνBα(βBγδ)
+
187
480
Bα(βAγ(µAν)δ) +
31
240
B(βγA(νδ)Aαµ)
+
25
96B(βγA
(ν
δ)Aµ)α +
1
96
(
Bα(βAγ(µAδ)ν) + B(βγAδ)(νAαµ)
)
, (8.23)
a(3)αµβγ(s) = 380B(αβAγ)µ +
1
80B(αβA|µ|γ) , (8.24)
a(4)αµβγ(s) = −18B(αβAγ)µ −
5
8B(αβA|µ|γ) , (8.25)
a(5)αβµγνδ(s) = − 340Bα(βBγδ)M
µν(t) + 3
10Bα(βA
(µ
γA
ν)
δ)
+
3
10B(βγA
(µ
δ)Aν)α , (8.26)
a(6)αβµν(s) = 920B(αβA|µ|ν) −
3
10Bµ(αAβν) , (8.27)
a(7)αβµν(s) = −34B(αβA|µ|ν) . (8.28)
All functions here are evaluated at the time s (unless specified otherwise).
The term bdiag4,(3)(t) only contains quantities which are quadratic in the curvature
with none of their indices contracted. It has the form
bdiag4,(3)(t) = D(1)αβµνγδρσ(t)RαβµνRγδρσ + D(2)µναβρσ(t)RµνRαβρσ + D(3)µναβ(t)RµνRαβ
+ D(4)
µναβρσ
(t)RµνRαβρσ + D(5)
µναβ
(t)RµνRαβ + D(6)
µναβ
(t)RµνRαβ , (8.29)
where D(i)µ1···µn(t) are some tensor-valued functions that depend on tF. They have
the form
D(i)µ1···µn(t) =
1∫
0
dτ2
τ2∫
0
dτ1 d(i)µ1···µn(tτ1, tτ2) . (8.30)
To describe our results for the tensors d(k) we define new tensors
E(p)µν = δµν + p Ψµν , (8.31)
Sαβρσικ = BβσΦαιΦρκ −Aβ(ιA|σ|κ)Mαρ
−
3
4
Ωβ
(ηΩσ
χE(1)ρ
ǫ)ΦαιΛκηΛχǫ +
3
2
Ωβ
(ǫΩσ
λΨα
ηE(3)ρ
χ)ΛιǫΛκλΛηχ ,(8.32)
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Vγδρσικηχ(tτ1, tτ2) = Ληχ(tτ1)
(
BδσΦγιΦρκ
)
(tτ2) + 2
(
AδιAσκΦγηΦρχ
)
(tτ2)
−
1
4
(
ΛικΛηχ
)
(tτ1)
(
BδσMγρ
)
(tτ2)
− Λικ(tτ1)
(
Aδ(χA|σ|η)Mγρ
)
(tτ2)
−
3
4
{
Λκη(tτ1)
(
ΛχǫΛωτ
)(tτ2) + 23Λκǫ(tτ1)
(
ΛηωΛχτ
)
(tτ2)
}
×
(
Ωδ
(ǫΩσωE(1)ρτ)Φγι
)
(tτ2)
+
3
16
{(
ΛικΛηχ
)
(tτ1)
(
ΛǫτΛωλ
)
(tτ2) + 8Λικ(tτ1)
(
ΛǫηΛτχΛωλ
)
(tτ2)
+
8
3
(
ΛιǫΛκτΛηωΛχλ
)
(tτ2)
} (
Ωδ
(ǫΩσ
τΨγ
ωE(3)ρ
λ)) (tτ2) . (8.33)
Then the tensors d(k) have the form
d(1)
αβµνγδρσ
(tτ1, tτ2) = −19
(
Ωβ
(ιΩνκ)Mαµ
)
(tτ1)
(
BδσΦγιΦρκ
)
(tτ2)
+
1
9
(
BβνMαµ
)
(tτ1)
(
BδσΩ
−1
(γρ)
)
(tτ2)
+
1
9
(
Ωβ
(ιΩνκ)Mαµ
)
(tτ1)
(
A(δ|ι|Aσ)κM−1γρ
)
(tτ2)
+
1
12
(
Ω(β
ιAν)ηMαµ
)
(tτ1)
(
Ωσ
(ηΩδ
ǫE(1)ρ
χ)ΦγιΛǫχ
)
(tτ2)
−
1
24
{(
BδσMγρ
)
(tτ1)
(
ΛικΛηχ
)
(tτ2)
+ 4
(
Ωδ
(ωΩσλ)Mγρ
)
(tτ1)
(
ΛωιΛλκΛηχ
)
(tτ2)
}(
Ωβ
(ιΩνκΨαηE(3)µχ)
)
(tτ2)
+
1
3
(
Ωβ
(ιΩνκΨαηE(3)µχ)
)
(tτ1)Vγδρσικηχ(tτ1, tτ2) , (8.34)
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d(2)
µναβρσ
(tτ1, tτ2) = 19
(
Ωβ
(ιΩσκ)Mαρ
)
(tτ1)
(
ΦµιAνκ
)
(tτ2)
−
1
9
(
BβσMαρ
)
(tτ1)A(µν)(tτ2)
−
1
9A(µν)(tτ1)
(
BβσMαρ
)
(tτ2)
+
1
12
(
Ωβ
(ιΩσκΨαηE(3)ρχ)A(µν)ΛικΛηχ
)
(tτ2)
−
1
36
(
Ωβ
(ιΩσ
κ)Mαρ
)
(tτ1)
(
AνιΛκηE(7)µ
η
)
(tτ2)
+
1
3
(
Ωβ
(ιΩσ
κΨα
ηE(3)ρ
χ))(tτ1)
{
− Λκη(tτ1)
(
AνχΦµι
)
(tτ2)
+
1
2
(
A(µν)ΛικΛηχ
)
(tτ1) + 14Λικ(tτ1)
(
Aν(ηΛχ)ǫE(7)µǫ
)
(tτ2)
}
+
1
36Ων
(ιE(7)µκ)(tτ1)Sαβρσικ(tτ2) , (8.35)
d(3)
µναβ
(tτ1, tτ2) = − 136
(
Ων
(ιE(7)µκ)
)
(tτ1)
(
ΦαιAβκ
)
(tτ2) + 29A(µν)(tτ1)A(αβ)(tτ2)
+
1
144
Ων
(ιE(7)µκ)(tτ1)
(
AβιΛκσE(7)ασ
)
(tτ2) . (8.36)
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d(4)
µναβρσ
(tτ1, tτ2) = −13
(
Ωβ
(ιΩσκ)Mαρ
)
(tτ1)
(
ΦµιAνκ
)
(tτ2)
−
2
3
(
Ων
(ιΨµκ)
)
(tτ1)
(
BβσΦαιΦρκ
)
(tτ2) + 13
(
BβσMαρ
)
(tτ1)Aµν(tτ2)
+
1
3
Aµν(tτ1)
(
BβσMαρ
)
(tτ2)
+
2
3
(
Ωβ
(ιΩσκ)Mαρ
)
(tτ1)
(
Ψµ
ηAνιΛκη
)
(tτ2)
+
2
3
(
Ων
(ιΨµκ)
)
(tτ1)
(
AβιAσκMαρ
)
(tτ2)
+
1
2
(
Ων
(ǫΨµλ)
)
(tτ1)
(
Ωβ
(ιΩσκE(1)ρη)ΦαǫΛλιΛκη
)
(tτ2)
+
1
2
(
Ωβ
(ιΩσκΨαηE(3)ρǫ)
)
(tτ1)
{
2Λκη(tτ1)
(
AνǫΦµι
)
(tτ2)
−
(
AµνΛικΛηǫ
)
(tτ1) − 4Λικ(tτ1)
(
Ψµ
λAνǫΛηλ
)
(tτ2)
}
−
1
4
{(
AµνΛικΛηǫ
)
(tτ2) + 4
(
Ων
(ωΨµλ)
)
(tτ1)
(
ΛωιΛλκΛηǫ
)
(tτ2)
}
×
(
Ωβ
(ιΩσκΨαηE(3)ρǫ)
)
(tτ2) . (8.37)
d(5)
µναβ
(tτ1, tτ2) = 112
(
Ωβ
(γE(7)αδ)
)
(tτ1)
(
ΦµγAνδ
)
(tτ2)
+
2
3
(
Ων
(γΨµδ)
)
(tτ1)
(
ΦαγAβδ
)
(tτ2)
−
2
3A(αβ)(tτ1)Aµν(tτ2) −
2
3A(αβ)(tτ2)Aµν(tτ1)
−
1
6
(
Ωβ
(ιE(7)ακ)
)
(tτ1)
(
Ψµ
ǫAνκΛιǫ
)
(tτ2)
−
1
6
(
Ων
(ιΨµκ)
)
(tτ1)
(
Cβ
(η
α
ǫ)ΛιηΛκǫ
)
(tτ2) . (8.38)
d(6)
µναβ
(tτ1, tτ2) = −2
(
Ων
(γΨµδ)
)
(tτ1)
(
ΦαγAβδ
)
(tτ2) + 2Aµν(tτ1)Aαβ(tτ2)
+ 4
(
Ων
(γΨµδ)
)
(tτ1)
(
Ψα
σAβδΛγσ
)
(tτ2) . (8.39)
9 Conclusions
In this paper we studied the heat kernel expansion for a Laplace operator acting
on sections of a complex vector bundle over a smooth compact Riemannian man-
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ifold without boundary. We assumed that the curvature F of the U(1) part of the
total connection (the electromagnetic field) is covariantly constant and large, so
that tF ∼ 1, that is, F is of order t−1. In this situation the standard asymptotic
expansion of the heat kernel as t → 0 does not apply since the electromagnetic
field can not be treated as a perturbation.
In order to calculate the heat kernel asymptotic expansion we use an algebraic
approach in which the nilpotent algebra of the operators Dµ plays a major role.
In this approach the calculation of the asymptotic expansion of the heat kernel is
reduced to the calculation of the asymptotic expansion of the heat semigroup and,
then, to the action of differential operators on the zero-order heat kernel. Since
the zero-order heat kernel has the Gaussian form the heat kernel asymptotics are
expressed in terms of generalized Hermite polynomials.
The main result of this work is establishing the existence of a new non-pertur-
bative asymptotic expansion of the heat kernel and the explicit calculation of the
first three coefficients of this expansion (both off-diagonal and the diagonal ones).
As far as we know, such an asymptotic expansion and the explicit form of these
modified heat kernel coefficients are new.
We presented our result as explicitly as possible. Unfortunately, some of the
integrals of the tensor-valued functions cannot be evaluated explicitly in full gen-
erality. They can be evaluated, in principle, by using the spectral decomposition
of the two-form F,
F =
[n/2]∑
k=1
BkEk , F2 = −
[n/2]∑
k=1
B2kΠk , (9.1)
where Bk are the eigenvalues, Ek are the (2-dimensional) eigen-two-forms, and
Πk = −E2k are the corresponding eigen-projections onto 2-dimensional eigenspaces.
Then for any analytic function of tiF we have
f (tiF) =
[n/2]∑
k=1
f (tBk)12(Πk + iEk) +
[n/2]∑
k=1
f (−tBk)12(Πk − iEk) . (9.2)
However, this seems impractical in general case in n dimensions. It would sim-
plify substantially in the following cases: i) there is only one eigenvalue (one
magnetic field) in a corresponding two-dimensional subspace, that is, F = B1E1
(which is essentially 2-dimensional), and ii) all eigenvalues are equal so that
F2 = −I (which is only possible in even dimensions). We plan to study this
problem in a future work.
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The work carried on in this paper can find useful applications in various fields
of theoretical physics and mathematics. For instance, our results can be applied to
the study of the heat kernel asymptotic expansion on Ka¨hler manifolds. The com-
plex structure on Ka¨hler manifolds is a parallel antisymmetric two-tensor which
plays the role of the covariantly constant electromagnetic field. This subject is
also interesting, in particular, in connection with String Theory.
Appendix A. Hermite Polynomials
The Hermite polynomials are defined by
Hµ1···µn = exp
{
−
1
2
uαΛαβu
β
}
∂
∂uµ1
· · ·
∂
∂uµn
exp
{
1
2
uαΛαβu
β
}
=
(
∂
∂uµ1
+ Λµ1ν1u
ν1
)
· · ·
(
∂
∂uµn
+ Λµnνnu
νn
)
· 1 . (A.1)
They can be computed explicitly as follows. First, let
H(n)(ξ) = ξµ1 · · · ξµnHµ1···µn (A.2)
and
B = ξµ
∂
∂uµ
, A = ξµΛµνuν . (A.3)
Then
H(n)(ξ) = (A + B)n · 1 . (A.4)
Finally, let
C = [B, A] = ξµΛµνξν . (A.5)
Obviously, the operators A, B, C form the Heisenberg algebra
[B, A] = C , [A,C] = [B,C] = 0 .
Lemma 2. There holds,
(A + B)n =
[ n2 ]∑
k=0
n−2k∑
m=0
(2k)!
2kk!
(
n
2k
) (
n − 2k
m
)
CkAn−2k−mBm . (A.6)
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Proof. Notice that et(A+B) is the generating functional for (A + B)n. Now, by using
the Baker-Hausdorff-Campbell formula
et(A+B) = e
t2
2 CetAetB ,
expanding both sides in t and computing the Taylor coefficients of the right hand
side we obtain the eq. (A.6). 
By using this result we obtain an explicit expression for (A.4)
H(n)(ξ) = ξµ1 · · · ξµnHµ1···µn =
[ n2 ]∑
k=0
n!
2kk!(n − 2k)!C
kAn−2k . (A.7)
By setting A = 0 we immediately obtain the (diagonal) values of Hermite polyno-
mials at u = 0 [
Hµ1···µ2n+1
]diag
= 0 , (A.8)
[
Hµ1···µ2n
]diag
=
(2n)!
2nn!
Λ(µ1µ2 · · ·Λµ2n−1µ2n) . (A.9)
We list below a few low order Hermite polynomials needed for our calculation
H(0) = 1 , (A.10)
Hµ1 = Λµ1αu
α , (A.11)
Hµ1µ2 = Λ(µ1µ2) + Λµ1αΛµ1βu
αuβ , (A.12)
Hµ1µ2µ3 = 3Λ(µ1µ2Λµ3)αuα + Λµ1αΛµ2βΛµ3γuαuβuγ , (A.13)
Hµ1µ2µ3µ4 = 3Λ(µ1µ2Λµ3µ4) + 3Λ(µ1µ2Λµ3|α|Λµ4)βuαuβ
+ Λµ1αΛµ2βΛµ3γΛµ4δu
αuβuγuδ . (A.14)
Hµ1µ2µ3µ4µ5 = 15Λ(µ1µ2Λµ3µ4Λµ5)αuα + 5Λ(µ1µ2Λµ3 |α|Λµ4|β|Λµ5)γuαuβuγ
+ Λµ1αΛµ2βΛµ3γΛµ4δΛµ5ηu
αuβuγuδuη , (A.15)
Hµ1µ2µ3µ4µ5µ6 = 15Λ(µ1µ2Λµ3µ4Λµ5µ6) + 45Λ(µ1µ2Λµ3µ4Λµ5 |α|Λµ6)βuαuβ
+ 15Λ(µ1µ2Λµ3|α|Λµ4 |β|Λµ5 |γ|Λµ6)δuαuβuγuδ
+ Λ(µ1|α|Λµ2 |β|Λµ3 |γ|Λµ4|δ|Λµ5|η|Λµ6)ιu
αuβuγuδuηuι , (A.16)
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We list below some of the generalized Hermite polynomials of second kind.
Now we have two sets of Hermite polynomials that depend on the quadratic forms
Λ at two different times, s1 and s2. Let us define
H(n)(s1) = ξµ1 · · · ξµnHµ1···µn(s1) , (A.17)
H(n)(s2) = ηµ1 · · · ηµnHµ1···µn(s2) , (A.18)
and
Λ(s2) = ξαΛαβ(s2)ηβ . (A.19)
Then from eq. (6.13) we obtain the quantities Ξ(m,n) that we need in our calcula-
tions
Ξ(0,1)(s1, s2) = H(1)(s2) (A.20)
Ξ(1,1)(s1, s2) = Λ(s2) +H(1)(s1)H(1)(s2) , (A.21)
Ξ(2,1)(s1, s2) = 2Λ(s2)H(1)(s1) +H(1)(s2)H(2)(s1) , (A.22)
Ξ(3,1)(s1, s2) = 3Λ(s2)H(2)(s1) +H(1)(s2)H(3)(s1) , (A.23)
Ξ(4,1)(s1, s2) = 4Λ(s2)H(3)(s1) +H(1)(s2)H(4)(s1) . (A.24)
Ξ(0,2)(s1, s2) = H(2)(s2) (A.25)
Ξ(1,2)(s1, s2) = 2Λ(s2)H(1)(s2) +H(2)(s2)H(1)(s1) , (A.26)
Ξ(2,2)(s1, s2) = 2Λ2(s2) + 4Λ(s2)H(1)(s2)H(1)(s1) +H(2)(s2)H(2)(s1) ,(A.27)
Ξ(3,2)(s1, s2) = 6Λ2(s2)H(1)(s1) + 6Λ(s2)H(1)(s2)H(2)(s1)
+ H(2)(s2)H(3)(s1) , (A.28)
Ξ(4,2)(s1, s2) = 12Λ2(s2)H(2)(s1) + 8Λ(s2)H(1)(s2)H(3)(s1)
+ H(2)(s2)H(4)(s1) . (A.29)
Ξ(0,3)(s1, s2) = H(3)(s2) (A.30)
Ξ(1,3)(s1, s2) = 3Λ(s2)H(2)(s2) +H(3)(s2)H(1)(s1) , (A.31)
Ξ(2,3)(s1, s2) = 6Λ2(s2)H(1)(s2) + 6Λ(s2)H(2)(s2)H(1)(s1)
+ H(3)(s2)H(2)(s1) , (A.32)
Ξ(3,3)(s1, s2) = 6Λ3(s2) + 18Λ2(s2)H(1)(s2)H(1)(s1)
+ 9Λ(s2)H(2)(s2)H(2)(s1) +H(3)(s2)H(3)(s1) , (A.33)
Ξ(4,3)(s1, s2) = 24Λ3(s2)H(1)(s1) + 36Λ2(s2)H(1)(s2)H(2)(s1)
+ 12Λ(s2)H(2)(s2)H(3)(s1) +H(3)(s2)H(4)(s1) , (A.34)
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Ξ(0,4)(s1, s2) = H(4)(s2) (A.35)
Ξ(1,4)(s1, s2) = 4Λ(s2)H(3)(s2) +H(4)(s2)H(1)(s1) , (A.36)
Ξ(2,4)(s1, s2) = 12Λ2(s2)H(2)(s2) + 8Λ(s2)H(3)(s2)H(1)(s1)
+ H(4)(s2)H(2)(s1) , (A.37)
Ξ(3,4)(s1, s2) = 24Λ3(s2)H(1)(s2) + 36Λ2(s2)H(2)(s2)H(1)(s1)
+ 12Λ(s2)H(3)(s2)H(2)(s1) +H(4)(s2)H(3)(s1) , (A.38)
Ξ(4,4)(s1, s2) = 24Λ4(s2) + 96Λ3(s2)H(1)(s2)H(1)(s1) + 72Λ2(s2)H(2)(s2)H(2)(s1)
+ 16Λ(s2)H(3)(s2)H(3)(s1) +H(4)(s2)H(4)(s1) , (A.39)
The coincidence limit of the quantities Ξ(m,n) ,with m + n odd, vanishes identi-
cally [
Ξ(m,n)(s1, s2)]diag = 0 , if (m + n) is odd (A.40)
By recalling the coincidence limits of the Hermite polynomials we obtain the
following[
Ξ(1,1)(s1, s2)]diag = Λ(s2) , (A.41)[
Ξ(3,1)(s1, s2)]diag = 3Λ(s1)Λ(s2) , (A.42)[
Ξ(0,2)(s1, s2)]diag = Λ(s2) , (A.43)[
Ξ(2,2)(s1, s2)]diag = Λ(s1)Λ(s2) + 2Λ2(s2) , (A.44)[
Ξ(4,2)(s1, s2)]diag = 3Λ2(s1)Λ(s2) + 12Λ(s1)Λ2(s2) , (A.45)[
Ξ(1,3)(s1, s2)]diag = 3Λ2(s2) , (A.46)[
Ξ(3,3)(s1, s2)]diag = 9Λ(s1)Λ2(s2) + 6Λ3(s2) , (A.47)[
Ξ(2,4)(s1, s2)]diag = 3Λ(s1)Λ2(s2) + 12Λ3(s2) , (A.48)[
Ξ(4,4)(s1, s2)]diag = 9Λ2(s1)Λ2(s2) + 72Λ(s1)Λ3(s2) + 24Λ4(s2) . (A.49)
Appendix B. Commutators
Lemma 3. Let Dµ and uν be operators satisfying the algebra
[Dµ, uν] = δνµ , [Dµ, Dν] = [uµ, uν] = 0 . (B.1)
Then [
Dµ1 · · ·Dµn , u
ρ
]
= n δρ(µ1 Dµ2 · · ·Dµn) (B.2)[
Dµ1 · · ·Dµn , u
ρuσ
]
= n(n − 1)δρ(µ1δσµ2 Dµ3 · · ·Dµn)
+ 2n u(ρδσ)(µ1 Dµ2 · · ·Dµn) . (B.3)
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Proof. Let X(ξ) = ξµDµ and
ϕρ(t) =
[
etX(ξ), uρ
]
=
(
etX(ξ)uρe−tX(ξ) − uρ
)
etX(ξ) , (B.4)
Then
etX(ξ)uρe−tX(ξ) =
∞∑
k=0
tk
k!
(
AdX(ξ)
)k
uρ . (B.5)
By using the commutation relation in (B.1) we have
[X(ξ), uρ] = ξρ (B.6)
and, therefore,
etX(ξ)uρe−tX(ξ) = uρ + tξρ . (B.7)
Thus
ϕρ(t) = tξρetX(ξ) . (B.8)
By expanding in Taylor series both sides of the last equation we obtain
∞∑
k=0
tk+1
(k + 1)!ξ
µ1 · · · ξµk+1
[
D(µ1 · · ·Dµk+1), u
ρ
]
=
∞∑
k=0
tk+1
k! ξ
µ1 · · · ξµk+1δρ(µ1 Dµ2 · · ·Dµk+1) .
(B.9)
Now by equating the same powers of t in both series we obtain the claim (B.2).
The second relation can be proved in a similar manner. We introduce, in this
case, the following generating function
ϕρσ(t) =
[
etX(ξ), uρuσ
]
. (B.10)
By the same argument used in the proof of the first relation we obtain that
ϕρσ(t) =
[
etX(ξ), uρuσ
]
= 2tξ(ρuσ)etX(ξ) + t2ξρξσ . (B.11)
Now, as before, by expanding the last equation in Taylor series and equating the
same powers of t we obtain the claim (B.3). 
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